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Abstract. A perturbation scheme in non-equilibrium thermo-field dynamics is developed
by taking into account the initial-state correlations. Two methods are proposed: in the
first method the time dependence of amplitudes and their initial values are evaluated by
two independent perturbation schemes while in the second method the two perturbation
schemes are combined by use of a fictitious past.

1. Introduction

The path-ordered formalism has been widely used [1-4] as a perturbation scheme in
non-equilibrium statistical physics. A recent review is given in [5] and recent applica-
tions to a relativistic theory are described in [6]. It is well known that the inclusion
of non-Gaussian initial-state correlations is one of the main problems to be solved in
order to obtain a consistent perturbation scheme [7, 8). The initial correlations may
be neglected if the initial state is given in the infinite past but they are important in
the study of physical systems near the initial time.

When one wishes to include the initial correlation effects in a perturbation scheme
in a consistent way, one needs to consider two kinds of perturbation, since the
Hamiltonian and the initial density matrix are different.

In this paper, we propose a systematic perturbation method for non-equilibrium
phenomena, including initial-state correlations. The method is based on thermo-field
dynamics (TFD) [9] as recently reviewed in [10]. The advantage of TFD lies in the fact
that this formalism is completely based on the operator formalism in a linear space
and that the notion of states can be introduced. Recently, attempts to extend equilibrium
TFD to non-equilibrium TFD have been proposed [11-14]. One of the present authors
(HM) proposed a framework for specifying the initial-state vacuum with arbitrary
particle distributions in the form of thermal-state conditions and developed a causal
perturbation scheme [12]. In this paper we refine the treatment of the initial-state
correlations. We propose two perturbation methods. One is based on a separate
perturbative evaluation of the initial amplitudes and their time-development, which
we will call the double expansion method. The other is based on a single perturbation
scheme by considering a fictitious past for the evaluation of initial amplitudes, which
we will call the unified expansion method.

The paper is organised as follows. In § 2, the framework of TFD in non-equilibrium
phenomena is summarised. In § 3, a framework of perturbation schemes is presented
in a convenient form for subsequent discussions. In § 4, the double expansion method
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is presented. In § 5, the unified expansion method is presented, in which the evaluation
of initial values is unified as a time development in a fictious past. Section 6 is devoted
to concluding remarks.

2. Non-equilibrium thermo-field dynamics

A quantum field system with a given particle distribution in space is analysed by the
following framework in thermo-field dynamics (TFD) {9-14].

2.1. Quantum algebra

There are two sets of operators @ and @ which form independent algebras:
[A, B]l.=0 Acaand Bed (2.1)

where the anticommutator (+) is to be used if both A and B are fermionic, otherwise
the commutator ( —) must be taken. The algebra in a is the same as that required in
the conventional quantum theory, so that Hermitian conjugation (denoted here by a
dagger) is defined, the canonical relations are given and the existence of a Hamiltonian
is assumed. Between @ and d there exists a one-to-one mapping, called the tilde
conjugation, which consists of the following rules:

(i) [AA.] = A A, (2.2a)
(i) [C, A+ C,A,] = C¥A,+ C*A, (2.2b)
(i) [A'T=A" (2.2¢)
(iv) [A]'=A. (2.2d)

2.2. Thermal state condition

There exists a vacuum |G). Physical amplitudes are given by vacuum expectation
values of operators in a. The vacuum |G) is specified at the initial time 1, by a Hermitian
operator (1) in a as

A(1)|G) = o exp(Q(1,))A'(1,)| G) (2.3)
where
Q1) = Ql1o) — Q1) (2.4)

Q(1,) is expressed in terms of operators at t,, A(t,) is an arbitrary operator at t, and
o =1 for bosonic A and o =i for fermionic A. The thermal-state condition (2.3) leads
to

A(D|G) = exp(Q(1,))A™(1)|G) (2.5)
where
A(t) =exp(iH(t— 1)) A(ty) exp(—iH {1 —t,)). (2.6)
The operator Q(1,) fixes the particle distribution at the initial time #,. It can be shown
that the above framework leads to the relation [12]
Trlexp(—2Q(1,))A(t) ... B(1')]
Trlexp(—2Q(ty))]

(GlA(D) ... B(HIG)= (2.7)
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The thermal doublet A“(¢) is defined as

At a=1
vo={3h 2
The time development of A“(¢) is obtained from the rule (2.2) and is summarised as
A% (1) =exp(iH (1 1)) A% (1) exp(~iH (1 = 1)) (2.9)
where
A=H-AH (2.10)

We note that, when a time-dependent external disturbance exists, the Hamiltonian
can depend on time through coefficients. In this case the Hamiltonian is expressed
by operators at 1, as H = H(A(1,); 1) and will be denoted by H,(1,) (or in short notation
H,). Naturally, (2.9) is modified as

A% ()= U(t, 1) " A (1) U (1, 1) (2.11)
with

1

Ut, 1) = Texp<—iJ' dr’ ﬁ,,,(z0)>. (2.12)

o

3. Generalised Gell-Mann~Low formula

In this section we will give a perturbation scheme in TFD in a convenient form for the
subsequent discussions. In non-equilibrium TFD, we deal with two operators H, and
Q(t,), which contain, in general, interaction parts. For example, if the initial state is
prepared as equilibrium with an applied external force which is switched off at 1,
then Q(f,) may be expressed as Q(1,) =3B(H(1,) + F(1,)) with F(1,) representing an
external effect. Therefore, we must develop a perturbation scheme to calculate time
development together with thermal-state conditions.

Let us assume that H, and Q are separated into an unperturbed part and an
interaction part

H,=Hy,+H,, (3.1
Q:Q()+0|. (3_2)

Hereafter, we omit, for simplicity, writing the explicit dependence on t,, unless it is
necessary. Note that, evenif H, is time independent, H,, and H,, can be time dependent.
The unperturbed Q, defines the unperturbed initial state |G,) which satisfies the
thermal-state condition

A(10)|Go) = o exp(Q) A" (1,)| Gy (3.3)

where A(1,) is an arbitrary operator at ¢,.
Let us introduce a combined Hamiltonian %, defined by

H,=HO(t—1;,)+Hpb(t,— 1) (3.4)
where 6 is the step function and H,, is defined by
Hn=2ﬁ710 (3.5)
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with B being a parameter related to the inverse of temperature. Then we define an
operator whose time dependence is determined by #,

W (1) =a(t, 1) Wi (1)l 1) (3.6)
where

alt,ty)=T exp(—i J dt’ 9‘?,) (3.7)
and

g%l=%!—g?l‘ (38)

For t=1,, ¢ (1) represents the Heisenberg field. Corresponding to (3.1) and (3.2),
we have

F, = Fo + H), (3.9)
with

Ho. = 01— to) Ho, + 6(1,— 1) Hoo (3.10)
and

Hi, = 0(t=15)H,,+ 6(ty— 1) Hoy. (3.11)
Recall the formula

a(t, to) = do(1, 10)A(1, 1o) (3.12)
where

fo(1, 1) = Texp(—i J[dt’ 9%0,,) (3.13)
and

4, 1) = Texp(—i j dr’ ??,(t’)) (3.14)
with

FEi(1) = do(1, 10)” o 1, 10). (3.15)
By noting that operators defined by

[A%]G = exp(Q)A® exp(-(1) (3.16)
satisfy the thermal-state condition

(Gl[Alo=o™(GI[A]g (3.17)
we have
(GI[TAL(1) ... BL(1)]6|G)

=(G|[Ti(1s, 1c)A*(1) ... B*(1)]c|G) (3.18)

where A°(r) is a field in the interaction representation defined by

ATty = dol1, 1) AL (1) do(1, o) (3.19)

’

and 1p is a time larger than (r... 1, 1,).
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Next we rewrite the vacuum |G) in terms of the vacuum of the interaction representa-
tion|G,), following the same procedure presented in [10 151 Byuse of the thermal-state
condition (3.3), we can show that the state exp(— Q) exp(Qo)lGo> satisfies the same
thermal-state condition as |G). Therefore we have

|G) = exp(—Q(15)) exp(Qo(1))|Go) C () (3.20)
with C(Q) being a renormalisation constant. Since

exp(=20(1,)) exp(2Q( 1)) = i (10, ty—iB) (3.21)
with

J(to, 1o—1B) = Tcexp(ij \ dzI:Im(z)> (3.22)

th—if

Hoi(z) =exp(=iHao(z = t6)) Hail1o) exp(iHao(z = 1)) (3.23)
and T, being the path-ordered product, and since, for t, =<1,

[U(14, 1)t (L, ta—1B)]cd God = [U(ta, 14 +iB)]G0l Go) (3.24)

then (3.18) is rewritten as
(G|[TA%(t) ... BL(t)]clG)
_{Gol[ Tults, ta)A*(1) ... B*(1)ulta, 14 +1B)1:o| Go)
(Gol[ Tu(tg, ta)u(ts, ta+1B)]col Go ’
The renormalisation constant C{{)) was determined to satisfy (G|G)=1. Note that,
in (3.25), the final time t5 is larger than t,..., t') 1, and the initial time 14 is smaller

thant, ..., 1t t,. The formula (3.25) is the generalised Gell-Mann-Low formula which
will be used in the following discussions.

{3.25)

4. Double expansion method

Let us take in the formula (3.25)
tg > ta=1, f...,t'>t,. (4.1)

Then for t > t,, the Hamiltonian is H, and for the operator u(t,, t,+i8), the Hamil-
tonian is HQ.
Let us assume that €, is expressed by operators, (¢;, ¥,), in a diagonal form

Q==Y 1 (In f)v, (4.2)
where f is a ¢ numbe'r. Assuming that ¢, and N satisfy canonical relations, we have
il Go) = o, V1011Go). (4.3)

The operators defined by
(I—Of P - o) (4.40)
=(1=aif)"" (W, ~ oVhiu) (4.4b)

annihilate the vacuum |Go>

aGo)=4d,1Gy)=0 (4.5)
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and satisfy the same canonical relations as ¢,. Therefore, we can construct a complete

set of state vectors on |G,) by a cyclic operation of a; and 4. Then we have

1= Z d);m160><60‘¢nm

(4.6)

where @, is the abbreviation of é.¢,, with ¢, being a complete set of operators
constructed from {a;} and ¢,, from {d.}. The completeness relation (4.6) in the

interaction representation can be also expressed as

1= Z (%) 60l Gl @m ) o

with
Gum = €Xp(=Q0) b exp({o)
@ =exp(—{o) & rm exp({Ly).
The operator ¢,,, is constructed from the operators defined by
= exp(-—f)o)a, exp(ﬁo)
Y, = exp(—ﬁo)di exp(ﬁo)
and ¢%,, is constructed from
a¥=exp(—Q)a; exp(€l,)
@t =exp(—Qo)d, exp({o).

The « operators are related to the original ¢ operators by the relations

( a*> = Vm-(f,-)< lf) (a¥, &)= (4], §) Vol f)*
o ¥,
with

Valh)=(=aify (L),
By inserting (4.7) in the formula (3.25) with (4.1), we have
(GI[TA%(1) ... BL(1)]cIG)
= AG[ Ti(=0, 1) A (1) ... B (1)@ hm(10) 160l G

y (Goll @rm (10) ul 1y, totiB)]Go Go)
(Gollu(ty, 1o+18) 160l Go)

where we have used

(G|l Tii(oo, tyhult,, to+iB) ]G0l Go) = (G|l ulty, to+iB) 1ol Go).

(4.7)

(4.8a)
(4.8b)

(4.9a)
(4.9b)

(4.10a)
(4.10b)

(4.11)

(4.12)

(4.13)

(4.14)

Since ¢,, and ¢}, are expressed by the original fields, ¢,, ¢., ¥,, ¢, at 1,, through
(4.11), the calculation of (4.13) is divided into two steps. At first we calculate perturba-

tively

(Gol[ TH (0, 1) A" (1) ... BY(t')C®(t5)] g0l Go)
and

(Gl C(ty)ulty, 1,+1B)] 6ol G
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Figure 1. Initial-state correlations.

according to separate perturbation schemes and then we superpose them with proper
weights. As shown in figure 1, the N-point function is expressed as the superposition
of (N +1)-point functions with I values of time fixed at t = t,.

When the initial time is chosen in the infinite past (f,—> —c0) or in a sufficient past
compared to the characteristic relaxation time, A*(t) ... B”(¢') and ¢*,(1;,) are discon-
nected except for ¢, =1 due to the decaying property

(Go|[ Tii(c0, 15)A“(t) ... B* (1) u(ty, to+18)]Go| Go)
(Golu(ty, to+iB)|Go)

— 2 (Gol[ Ti#(00, ~20) A*(1) ... B* ()]0l Go) (4.15)

that is, the initial correlation is negligible. This corresponds to the perturbation scheme
of Keldysh in the path-ordered formalism [2, 16]. It is worthy of note that, in this
case, only the first term in the right-hand side of (3.10) survives. Equation (4.15) is
very similar to the corresponding expression for systems in thermal equilibrium, the
only difference being the possible time dependence of the coefficients in H|, and H,,.

5. A unified perturbation method

The formula (4.13) is convenient in the sense that independent perturbation schemes
are usable for the valuation of time dependence and initial conditions, although one
must sum up contributions coming from the initial-state conditions. Therefore when
such contributions are small, this formula is useful, for example, in the case when the
time variables involved are sufficiently far from the initial time. However, sometimes
one may need the infinite sum of corrections. In this case it is more convenient to
develop a perturbation scheme in a unified way.
In formula (3.24) take t5 >0 and t, > —00. We have

(GI[TAL(1) ... BL(1)]6|G)
_{Go|[ Tii(c0, —0) A% (1) ... B*(t)u(=%0, —0+iB)] 50| Go)
(Golu(—00, —0+iB)|G,) '

From (3;9) and (3.10), the unperturbed Hamiltonian 92’0, and the interaction Hamil-
tonian #, change at 1 =1,.

Let us assume that Hg, and H,, are given as bilinear functions of canonical variables

(i, d’:) ([, d/;]—cr: =4;;) as
Hoo=Y wiid, (5.2)
Ho =Y ¥legy,. (5.3)

(5.1)
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Then f, in (4.2) is given by

fi=exp(=Bw,). (5.4)
By use of the matrix function U1, t,) which satisfies

Suna- S b
and

U1y, to) =8, (5.6)
we can write

G (1) = Ui (1, 10) ¢ (o) Ui (1) = 43" (t) Ui (1o, 1) (5.7)

Then, the unperturbed propagator is given as
(Gol[ T (1)¢;*(1)] ol Go
= Ul 1) V2 (fODB(1+ 18t = 1) +30° (1= )61’ = )]

X VI (fi) Uy (to, 1) (5.8a)
1 1 *
= U,(1, to)[e(t—[’)l_o_sz <a alfk>
+a:9(t'—t)1+ngk<£; a{")}ukj(tot’) (5.8b)

where V,(f) is given by (4.12). The change of the Hamiltonian at = ¢, inevitably
makes the phenomena time dependent, even if the external perturbations are time
independent. Therefore vacuum expectation values are not functions of relative times
only.

As in the equilibrium case [15], the end operator u(—o0, —c0+igB) in (5.1), is
disconnected from other operators due to damping properties for interacting quantum
field systems. The formula (5.1) is then simplified as

(GI[TA%(1) ... BL(1)]6lG)
=(Go|[ Tii(0, —0) A% (1) ... B(t")]Go|Go)- (5.9)

It is worthwhile stressing that, although expression (5.9) is formally similar to the one
for equilibrium, the operator (o, —¢) is different in the two cases. This is evident
from (3.13) and (3.10). For a non-equilibrium system, # is in general the sum of two
difterent operators for t > 1, and ¢ < 1,. Besides, H), can have explicit time dependence
through its coefficients. In the above procedure the initial-state correlations are inter-
preted as an effect of the evolution of the vacuum |G,) in a fictitious past from
—C to 1p.

6. Concluding remarks
In this paper, we have developed a systematic perturbation theory in non-equilibrium

TFD, by taking into account the initial-state correlations. Two methods were proposed;
one is a double expansion method where time dependence of amplitudes and their
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initial values are evaluated in different perturbation schemes while the other is a unified
expansion method where the two perturbation schemes are combined by considering
a fictitious past.

Since the initial condition in our formalism is determined by Q which is in general
not commutable with H, the time translation invariance is broken. This breakdown
of the time translation invariance is represented in the perturbation scheme both in
the fact that the time region of t > 1, is considered and in the fact that the interaction
Hamiltonian contains explicit time dependence. In particular, the self-energies are
not functions of relative time. This fact leads to time-dependent energy shifts and
particle distributions. A method to consider such effects has been discussed in [13]
and [14] and a similar procedure can be applied in the present perturbation schemes.
The practical applications of the present perturbation schemes will be discussed in
future works.
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